HOMOTOPY FULLBACK OF ^„-SFACES AND ITS AFFLICATIONS TO 

yln-TYFES OF GAUGE GROUFS 



MITSUNOBU TSUTAYA 



Abstract. We construct the homotopy puUback of y4„-spaces and show some universal property of 
it. As an application, we investigate y4„-types of gauge groups. In particular, we give a new result on 
^n-types of the gauge groups of principal SU(2)-bundles over S''. 



1. Introduction 

The concept of An-space was first introduced by Stasheff |Sta63aj as an H -space with higher ho- 
motopy associativity. In |Sta63b] . he also defined morphism between them, cahed An-homomorphism, 
but, as pointed out by himself, it is too restrictive class. Later, more general morphism between 
them were formulated by Boardaman and Vogt [BV73| and by Iwase and Mimura [IM89| . Before 
their formulation, to construct mixing of A„-types, "homotopy pullback of An-maps" was considered 
by Zabrodsky |Zab70| and by Mimura, Nishida and Toda [MN T71] in certain sense. It is shown by 
Iwase and Mimura [IM89| that the homotopy pullback of An-maps becomes an A^-space, using the 
A„-structures. 

In this paper, we construct the homotopy pullback of An-maps as an A„-space by giving an An-foim 
(Section 4). Moreover, when the maps are A„-homomorphisms, we show that the homotopy pullback 
has some universal property (Section 3). 

As an application of homotopy pullback of An-spaces, we investigate An-types of gauge groups. For 
a principal G-bundle P, the gauge group Q{P) is the topological group consisting of self-isomorphisms 
on P. If principal G-bundles P and P' are isomorphic, then the gauge groups Q{P) and Q{P') are 
isomorphic as topological groups. Considering the converse of this statement, if we replace 'isomorphic 
as topological groups' by 'homotopy equivalent as topological spaces', then it becomes much far from 
true. This was first pointed out by Kono's result |Kon91] . As is well known, the principal SU(2)- 
bundles over the four dimensional sphere 5^ is classified by the homotopy group 7r4 (5811(2)) = Z oi 
the classifying space. Kono's result says that there are only 6 homotopy types of the gauge groups of 
them. More generally, for a compact connected Lie group G and a finite CW complex B, Crabb and 
Sutherland |CS00j has shown that the number of homotopy types of the gauge groups of principal G- 
bundles over B is finite. This problem is generalized to the equivalence relation of gauge groups which 
concerns their multiplicative structures. Kishimoto and Kono [KK10| first considered the condition for 
that the adjoint group bundle adP (see Section [8]) is trivial as a fiberwise A„-space, of which the space 
of sections i^(adP) is naturally isomorphic to the gauge group Q{P)- The author |Tsul2a] has shown 
that the result of Crabb and Sutherland remains true even if 'homotopy types' is replaced by 'in- 
equivalence types' for n < oo (the case when n = 2 had been already known by them). He |Tsul2a] . 
[Tsul2bj also considered the classification of An-types of gauge groups of principal SU(2)-bundles over 

Though there are many complete results on classifications of gauge groups, for example, |Kon91j . 
[HK06] , [HK07] , [KKKTOT] , [KKKOSj , most of them were shown by observing the order of the Samelson 
product and using |HK06l Lamma 3.2], which states that in some good situation, two gauge groups 
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are homotopy equivalent if their p-localizations are homotopy equivalent for each prime p. The second 
aim of this paper is to generalize this statement for A„-types of gauge groups as follows (Section [8]). 

Theorem 1.1. Let G he a compact connected Lie group, of which the rationalization G(o) is homotopy 
equivalent to the product S"^^-^^^ x • • • x S'^q-^^^ of rationalized spheres. Fix a map e : S^'~^ G 
with r > 2n£. For an integer k ^ Z, denote the principal G-bundle over S'' with classifying map 
ke : S^~^ G by P^- Take an integer N ^ Z with the adjoint group bundle adP^r is An-trivial. 
Then, the gauge groups G{Pk) andQ[Pk') are An-equivalent if{N,k) = (N,k'), where {a,b) represents 
the greatest common divisor between a and b. 

We note that when n = 1, it is easy to see that ad Pat is fiberwise homotopy equivalent to the trivial 
bundle if and only if the Samelson product (e, idc) G [5"""^ A G, G]o is annihilated by N. To generalize 
the homotopy version to the above ^ri-version, in some sense, we need to control the ^„-form of the 
homotopy pullback. 

Using the above theorem, we obtain the following new result: 

Theorem 1.2. Denote the principal S\J{2)-bundle over with second Chern number k £ Z by P^. 
Then, for each positive integer n, there exists the positive integer such that for any k, k' G Z , the 
gauge groups Q{Pk) and Q{Pk') are An-equivalent if (a^,/c) = (a^,A;'). Moreover, if k is odd, the 
converse is also true. 

We do not determine in the present paper. But we will give some estimates on p-exponents of 
a^n (Section [8]). In particular, the 3-exponent will be completely determined. 

We will always work in the category of compactly generated spaces because we would like 
to use various exponential laws. 

The author would like to express his gratitude to Professors Norio Iwase, Daisuke Kishimoto and 
Akira Kono for giving valuable comments on this work. 

2. ^„-SPACES AND An-MAPS 

Let us denote the i-th associahedron by /Cj (i = 2, 3, • • • ) and the i-th multiplihedron by J7i (i = 
1, 2, • • • ). They are used to study ^,i-spaces by Stasheff |Sta63a| . and by Iwase and Mimura |IM89] . 
There are boundary maps and degeneracy maps of them: 
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which satisfy some relations, see |Sta63a| and |IM89] . Define the boundaries dlCi C K-i and dJi C Ji as 
the unions of the images of boundary maps. Then there are homeomorphisms (/Cj, = (Z)*~^, 5*"^) 
and {Ji, dJi) = (-D*~^, "S"*"^), where is the i-dimensional disk and 5*^^ C -D* is its boundary sphere. 
For details, see |Sta63aj and |IM89j . 

Now, we recall the definitions of ^^-spaces and A^,- maps. We always assume that every pointed 
space are well-pointed and pointed homotopy equivalent to a CW complex. 

Definition 2.1. Let X be a pointed space. A family of maps {mj : /Cj x X* — > X}^^2 is said to be 
an An- form on X if the following conditions are satisfied: 

(1) mr+s^i{dk{r, s){p, a); xi, ■ ■ ■ ,Xr+s-i) = mr{p;xi, ■ ■ ■ ,Xk-i,ms{a;xk, ■ ■ ■ ,Xk+r-i),Xk+r, ■ ■ ■ ,Xr+s-i) 

(2) mi^i{skip);xi, ■ ■ ■ ,Xj_i) = mi{p;xi, ■ ■ ■ ,Xk-i,*,Xk, ■ ■ ■ 

The pair {X, {mi}) of a pointed space and its A„-form is called an An-space. 
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Example 2.2. Let G be a topological monoid. Then G is an ^oo-space with Aoo-form {rrij} defined 
by 

mi{p;xi,- ■ ■ ,Xi) = xi---Xi. 

We call {nii} the canonical Aoo-form of G. Unless otherwise stated, we regard a topological monoid 
as an Aoo-space with the canonical ^oo-form. 

Definition 2.3. Let {X, {rm}) and {X', {m^}) be A ^-spaces and f ■ X — > X' a pointed map. A family 
of maps {fi : J'i X X^ ^ X'}f^^ is said to be an j^fi-foTTTi oil f if tli6 following conditions arc Scitisficd.: 

(1) fi = f, 

(2) fr+s-ii6k{r,s){p,a);xi,--- ,Xr+s-i) 

— fr{Pj ^Ij ■ ■ ■ ) SJfc—i, Ulsic^i Xk, ' ' ' ) XkJ^r—l)^ ^k+ri ' ' ' i 2^r+s— l) 

(3) /ri+...+T-t('^(i,n, • • • ,pt);Xi,--- ,Xr^+...+rt) 

= mf{T; fri{pi',Xi,- ■ ■ ,Xri),--- , frtiPu hrt-i+li ' ' ' j^^nH \-rt)) 

(4) • • • ,Xi-i) = fi{p;xi, ■ ■ ■ ,Xk^i, *,Xk, ■ ■ ■ ,Xi-i) 

The pair (/, {fi}) of a pointed map and its j4„-form is called an An-map. For two ^„-maps (/, {fi}), (/', {// }) : 
{X, {mi}) —7- {X', {m'^}), a homotopy between them is a continuous family of ^„-maps (F : I x X 
X', {Fi : IxJixX'^ — > X'}) parametrized by the unit interval I = [0, 1] such that -Fj(0, p;xi, - ■ ■ ,Xi) = 
fi{p;xi,--- ,Xi) and Fi{l, p; xi, ■ ■ ■ ,Xi) = ,Xi). 

Remark 2.4. In some literature, an ^„-map is defined as a map which admits some A„-form. But we 
always consider A„-maps together with j4„-forms. 

If (/, {/i}) : {X,{mi}) — )• {X',{m'^) is an A„-map and a pointed map f : X ^ X' is pointed 
homotopic to the underlying map /, then, as easily seen, /' also admits an j4„-form {f-} such that 
(/',{//}) is homotopic to UAfi}). 

The definition of A„-maps is complicated and it is difficult to treat in general. So we often consider 
some class of 74„-maps defined more easily. 

Definition 2.5. Let {X,{mi}) and {X',{m'-}) be A^-spaces. A pointed map f : X ^ X' is said to 
be an An-homomorphism if / satisfies 

f{mi{p;xi,- ■ ■ ,Xi)) =m-(p;xi,-- - ,Xi). 

Now we see that an A„-homomorphism admits an A„-form. Iwase and Mimura |IM89j constructed 
maps TTi : Ji ^ K-i (i = 2, 3, • • • ) such that 

(1) TTj o i) = vTi o 5{i, 1, • • • , 1) = id/Ci, 

(2) TTr+s-i ° Sk{r, s) = dk{r, s) o (vr-^ x id^J, 

(3) TTr^+...+rt o5(t,ri,-- - ,rt) 

= dr^+...+rt-i+i{n-\ hrt_i+l,n)o. • •o(5r.i+i(ri+t-l,r2)xid/c,3x-x/c,,K5i(t,ri)xid/c,2x-xx:.i)o 

{idlCtXTTrj^X- ■ - XTTrt), 

(4) modk = m. 

If we denote the right hand side of the third equation by D o (idA:^ ^ "^ri x • • • x vr^^ ) , D has a property 
that 

'mri+-+rtiD{T,pi, - ■ ■ ,pt);Xi,--- ,Xr.i + ...+rt) = mt{T; rUr^ipi; Xi, ■ ■ ■ ,Xr^),--- ,mrtipt;--- ,Xri + ...+rt)) 

for an A„-space {X, {rui}). 

Thus, if /: X — 7- X' is an An-homomorphism between A„-spaces {X,{mi}) and then 
the sequence of maps {fi : J7i x X* X'}^^^ defined by 

fi{p;xi,--- ,Xi) = f{mi{'Ki{p);xi, - ■ ■ ,Xi)) 

is an A„-form of /. We call {fi} the canonical An-form of /. Unless otherwise stated, we regard an 
A„-homomorphism as an A„-map with the canonical A„-form. 
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Example 2.6. A homomorphism f : G ^ G' between topological monoids is an j4oo-liomomorphism. 
The canonical j4oo-form {/j} is given as 

fi{p;xi,--- ,Xi) = f{xi---Xi). 

Next, we consider the composition of A^-maps. The composition of general ^^-maps is complicated. 
But the composite of an ^„-map with an ^„-homomorphism is easily considered as follows. 

Definition 2.7. Let {X, {mi}), (X' , {m'^), (X" , {m'^}) be A„-spaces. If : (X, {m J) ^ 

{X' , {m^}) is an An-map and g : X' ^ X" is an ^„-homomorphism, then we call the An-map(go {go 
fi}) the canonical composite of (/, {fi}) and g. Similarly, if / : X — )• X' is an ^„-homomorphism and 
{g,{gi}) : (X', [m'^}) (X", {mf }) is an ^^-map, then we call the ^„-map {g o /, {gi o {idj, x /^*)}) 
the canonical composite of / and (g, {gi}). 

We also consider equivalence between A„-spaces. 

Definition 2.8. Let (X, {mj}), (X', {m^}) be ^„-spaces. Then an ^„-map (/, {/i}) : (X, {rrij}) ^■ 
(X', {m^}) is said to be an An- equivalence if the underlying map / is a pointed homotopy equivalence. 
We say (X, {rrij}) and (X', {m-}) are An-equivalent if there exists an ^^-equivalence (X, {mj}) — )■ 

(x',K}). 

Proposition 2.9. The relation An- equivalence is an equivalence relation between An-spaces. 

Remark 2.10. Iwase and Mimura gave an outline of the proof in [IM89] . We will give a proof of this 
proposition in Section [6] using the result of Boardman and Vogt |BV73] . 

For a pointed space X, let us denote the space consisting of the points (xi,-- - E X" with 
Xk = * for some k by X^"^!. The localization of an A„-space is also an ^^-space as follows. 

Proposition 2.11. Let V he a set of primes and (X, {rn-j}) he a path- connected An-space. For a 
V -localization map £ : X — )• X-p, there exists an An-form {mf} on X-p such that £ admits an An-form 
{£i} such that {£,{£i}) is an An-map between (X, {mj}) and {X'p,{mf}). 

Proof. We construct the A„-forms {mf} and {£i} inductively. Put £i = £. Assume we have obtained 
^j_i-forms {rnjYjZ^^ and {^j as above. We define a map £i on {dJi — lnt6{i, 1, • • • , 1)) x X* U Ji x 
XW by 

(Pl ^1 ; ■ ■ ■ 7 Xi) 

{4(c7; xi, ■ ■ ■ , Xfc-i, mt(r; Xfc, ■ ■ ■ , Xk+s-i), Xk+s, ■■■ ,Xi) {p = 6k{s, t){a, r)) 

"^r('^;^si(<7i;xi,--- ,Xs^),--- ,4t(o-t;Xsi+...+s,„i+i>--- ,Xi)) {p = 6{t,si,- ■ ■ , st)(r, ai, • • • ,at),t 

£i-i{dk{p);xi, - ■ ■ • • • ,Xi) (xfc = *) 

Since X^ c X* has homotopy extension property and dJi — Int5(i, 1, • • • ,1) is a deformation retract 
of J'i, this map extends to £i : Ji x X^ ^ X-p. Similarly, we define rnf on dlCi x Xj, U /Cj x X-p' by 

V, ^ \ - i • • • ,Xk-i,mt{T;xk, • • • ,Xk+s-i),Xk+s, ■■■ ,Xi) {p = dk{s,t){a,T)) 

TTlj [p, Xl, ■ • • , Xi) — S V / / \ \ I \ 

By the weak homotopy equivalence : Map (Xp, X-p) — )• Map (X*, X-p), extends to : 

K,i X X.p — > Xp such that 

1, • • • ,l)(p, *,••• ,*);xi,-- - ,a;i) = mf (p; £(xi), • • • ,£(xi)). 

Therefore, ^]^) is an Aj-map between (X, {mjj^^g) ^i^d (Xp, {mJ'}*-^2)- 1^ 

Remark 2.12. Every path-connected A„-space (n > 2) is nilpotent and so it has its 'P-localization in 
the sense of |HMR75j . 
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3. Fullback of ^„-homomorphism fibrations 

From now on, we often abbreviate ylji-forms of ^„-spaces and ^„-maps by underlying spaces and 
maps, respectively. For example, an ^„-space (X, {mj}) is abbreviated by X, an ^„-map (/, {/i}) • 
{X, {mj) ^ (X', {m'J) hyf:X^X', a homotopy (F, {FJ) between A„-maps (/, {fi}), (/', {/O) : 
(X, {mi}) (X', {m^}) by F : / X X X', and so on. 

As easily checked, for ^^-homomorphisms /i : Xi — )• X3 and /2 : X2 — > X3, the pullback (in the 

topological sense) X of the diagram Xi — )■ X3 -f- X2 naturally inherits an v4„-form and the natural 
projections pi : X Xi and p2 : X ^ X2 are ^^j-homomorphisms. If the map /i : Xi — >■ X3 is a 
Hurewicz fibration, X has the following universal property. 

Theorem 3.1. Let Xi, X2 and X3 be An-spaces and /i : Xi — >■ X3 and /2 : X2 ^ X3 be An- 

homomorphisms. In addition, suppose fi is a Hurewicz fibration. Denote the topological pullback of 

fl /2 

Xi — )• X3 X2 by X and the projections by pi : X Xi and p2 ■ X ^ X2. For an An-space 
Y and An-maps gi : Y ^ Xi and g2 ■ Y X2, if the canonical composites fi o gi and f2 o g2 are 
homotopic as An-maps through a homotopy G3 : 7 x y — > X3, then there exist an An-map g : Y —> X 
and a homotopy Gi : I xY ^ Xi of An-maps from, gi to pi o g, where the canonical composites P2° 9 
and fl o Gi are equal to 52 o-nd G3, respectively. Here, g and Gi are unique up to homotopy. More 
precisely, if g' : Y X and G'l : I x Y Xi satisfy the same condition, then there exist a homotopy 
^ : I X Y X of An-m,aps from g to g' and a homotopy Fi : I x [I x Y) ^ Xi of homotopies 
of An-maps from Gi to G'l such that the canonical composites P2 o 7 md fi o Fi are the stationary 
homotopies of g2 and G 3, respectively, and the canonical composite o 7 is equal to -r|/x({i}xr)- 




This theorem immediately follows from the property of the topological pullback and the following 
lemma. 

Lemma 3.2. Let Xi, X3 and Y be An-spaces and fi : Xi — )■ X3 be an An-homomorphism and a 
Hurewicz fibration. If gi : Y Xi and g^ : Y X3 are An-maps such that g^ and the canonical 
composite fi o gi are homotopic as An-maps through a homotopy G3 : I x Y X3 of An-maps, then 
there exist a homotopy Gi : 7 x y — > Xi such that the canonical composite fi o Gi is equal to G3 . 

Moreover, if G'l : I x Y Xi satisfies the same condition, then there exists a homotopy Fi : 
I X {I xY) ^ X of homotopies of An-maps from Gi to G'l such that the canonical composite fi o Fi 
is the stationary homotopy of G3 . 




Proof Denote the ^„-forms of Xi, Y, gi, G3 by {{mi)i}, {(my)i} {{gi)i} and {(^3)2}, respectively. 
As a homotopy of maps, G3 lifts to Gi by the covering homotopy property of /i. Assume G3 lifts to 
a homotopy of Aj_i-maps Then define a map (Gi)i : ((({0} x Ji) U (7 x dJi)) x Y^) U 
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(n = 0) 

.y*)) (P = Hs,ti, ■ ■ ■ ,ts){a,Ti, 
iVk = *) 



{I xJiX yH) ^Xi by 
{Gi)i{u,p;yi,- ■■ ,yi) 

{Gi)sicr;yi, - ■ ■ ,yk-i,imY)t{T;yk, - ■ ■ ,yk+s~i),yk+s, - ■ ■ ,yi, 
{mi)s{a;{Gi)t^{Ti;yi,- ■ ■ ,yt^),--- , {Gi)ts(.'rs;yti+-+t,^^+i, 
{Gi)i-i{u,dkip);yi, - ■ ■ ,yk-i,yk+i, ■ ■ ■ ,yi) 

Then the composite /i o (Gi)j is equal to (Gs)^ at every point where {Gi)i is defined. By the covering 
homotopy extension property, {Gi)i extends to {Gi)i : I x J'i x ^ Xi with /i o {Gi)i = {G3)i. 
Therefore, G3 lifts to a homotopy of ^j-maps {(Gi)j}*^]^. 

The latter half follows from a quite analogous argument. □ 

One can prove the universal property for homotopies as follows analogously. For homotopies H, H' : 
I X Y ^ X of ^„-maps between / and /' and between /' and respectively, let us denote the 
composite of homotopies H and H' by H * H'. More precisely, the underlying homotopy H * H' : 
I X (I X Y) —i' X is defined as 

(H*H')(vu-v)-( ^(2^'^; (0<^<l/2) 
[H *H )[v,u,y) - <^ ^,^2^; _ 1, y) (1/2 <v<l) 

and its A„-form is similarly defined. 

Theorem 3.3. Set the following diagram of puUback of An-homomorphisms as in Theorem I3.il 

X^-^X2 



Xi 



P2 

PI h 
h 



For an An-space Y, An-maps gi,gi ■ Y Xi, 92,52 • ^ ~^ X2, and homotopies of An-maps hi : 
/ X y — )• Xi from gi to g[, h2 : I xY —?■ X2 from 52 to g'2, G^ : I xY ^ X3 from fi o gi to /2 o g2 and 
G3 : I X y — >■ from fi o g'^ to /2 o 52' ^/ composite of homotopies (/i ohi)*G'^ and G3 * (/2 o /12) 
are homotopic as homotopies of An-maps, then there exist a homotopy of A^-maps ^ : I x Y —?■ X 
and a homotopy of homotopies of A^-maps i^i : / x (/ x y) — )• Xi such that the following equalities 
as homotopies of An-maps hold: 

A|{o}x(/xr) = hi, 

A|{i}x(/xy) =Pi°l, 
fi ° A|/x({o}xy) = G3, 
fi ° A|/x({i}xy) = Gg. 

Homotopies in this theorem are described as in the following diagram which commutes up to ho- 
motopy between homotopies of An-maps. 



fi°9i 

fiohi 



G3 



f2 °g2 



//On / 
1 o 5l =^ 72 o 92 

4. Homotopy fullback of general A„-maps 

In the previous section, we observed the pullback of ^„-homomorphisms, one of which is a Hurewicz 
fibration. To generalize this construction, we show the fact that every A„-map can be "replaced" by 
an ^„-homomorphism which is a Hurewicz fibration. 
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Let f : X ^ X' he a pointed map between pointed spaces. As is well-known, there is a Hurewicz 
fibration f : X ^ X' and a pointed homotopy equivalence q : X ^ X such that the following diagram 
commutes up to homotopy, 

X 

\ f 
q V 

' ' ^ 
X ^X' 

f 

where 

x = {{x,e) ex xx'^\e{(}) = f{x)}, 

q{x,£)=x, f{x,£)=i{l). 
We remark that q is also a Hurewicz fibration. 

Proposition 4.1. Let {X, {mi}) and {X' , {m^}) be An-spaces, (/, {fi}) : {X, {mi}) {X' , {m'^}) an 
An-map and X , f, q as above. Then X admits an An-form such that f and q are An-homomorphisms 
and the canonical composite of q and (/, {fi}) is homotopic to f as an Aji-map. 

Proof. We construct maps Fi : I x Ji x X^ ^ X' and rhi : KLiX X^ ^ X inductively as follows. Define 
a map Fi : I x X X' hy Fi{u, {x,£)) = £{u). Suppose that we have defined the maps and 

{"^j}}=2 such that 

Fj{u,p; {xi,ii), • • • , {xj,£j)) 

fj{p;xi,--- ,Xj) {u = 0) 

Mj(p;£i(l),... ,^,(1)) (u = l) 

Fs{u,a;{xi,£i),--- , mt(r; (x^, 4), •••),•• • ,{xj,£j)) (p = r), s > 1) 

m'^{a;Fti{u, Ti;{xi,ei), ■■■),■■ ■ , Ft^{u,Ts; ■ ■ ■ ,{xj,ij))) [p = 5{s,ti, ■ ■ ■ ,ts){a,Ti, ■ ■ ■ ,r< 

Fj-i{u,sk{p);ixi,£i),--- ,{xk-i,ik-i),{xk+i,h+i), - ■ ■ ,{xj,£j)) {{xk,£k) = *) 
and 

mj{p; {xi,£i), ■■■ , {xj,£j)) = {mj{p;xi, ■ ■ ■ ,Xj), (u Fj{u,5i{l,j){*, p); {xi,ii), • • • , {xjjj))) ), 
where {M'j} is the canonical ^^-form of the identity map X' — )■ X' . Let us denote d{I x Ji) = 
{dl X Ji) U (/ X dJi). We also define Fi on {d{I x Ji) - Int (/ x 5i{l,i))) x X' U I x Ji x Xl^ by 
the above formula. Since d{I x Ji) — Int(/ x 6i{l,i)) is a deformation retract of I x Ji and X is 
well-pointed, Fi extends over I x Ji x X^ and then rhi is obtained by the above formula. 

Thus {mi}l'^2 is an yl„-form of X and / is an yl„-homomorphism. The family of maps {Fi} is a 
homotopy from {fi o (idj-. x g^*)} to {M^ o (id J^ x /^*)} through ^^-forms, where {M^ o (id J^ x /^*)} 
is the canonical A„-form of /. □ 

Remark 4.2. If X and X' are topological monoids and / is a homomorphism, then X is naturally a 
topological monoid and / is homotopic to / o g as a homomorphism. 

fi h 

Now we recall homotopy pullback. For a diagram Xi — v X^ i — X2, the homotopy pullback X 

of this diagram is the topological pullback of the diagram Xi ^ X^ 4^ X2. There are natural 
projections qi : X ^ Xi [i = 1,2), which is defined as the composite of the canonical projections 
Pi : X Xi and qi : Xi Xi. If there exists the following homotopy commutative diagram: 

Xi 9- X3 < X2 



" y y 

Yi — ^ ^ — Y2 
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then there exists a hft X ^ Y. Moreover, if the vertical arrows are homotopy equivalence, then the 
lift X is also a homotopy equivalence. 

By the previous proposition, we immediately obtain the following theorem. 

Theorem 4.3. Let fi : Xi X3 and f2 ■ X2 ^ X3 be A n-Tnaps between An-spaces. Then the 

fl /2 

homotopy pullback X of Xi — > X^ < — X2 admits an An- form such that the natural projections 
Qi : X — 7- Xi and q2 : X ^ X2 are An-homomorphisms and the canonical composites fioqi : X — )• X^ 
and f2°Q2-X^ X^, are homotopic as An-maps. 

Remark 4.4. Though we have shown the universal property of homotopy pullback of A„-homomorphisms 
in Theorem 13. H the above theorem does not claim any universal property of homotopy pullback of 
general An-raa,ps. To state the universal property, we need the "category of ^^-spaces with higher 
homotopy". As far as the author knows, the only realization of this is obtained by Boardman and 
Vogt [BV73| . But it is realized not as a category but as a restricted Kan complex (also called quasi- 
category |Joy02| or 00-category |Lur09| ) . So, the universal property should be stated in the language 
of restricted Kan complex. But we do not consider this problem here because it is not necessary for 
our later application. 

As an application, the result of Zabrodsky |Zab70] is shown as follows. 

Theorem 4.5 f jZabTOj l. For any prime p, there is a finite CW complex X which admits an Ap-.i-form 
but no Ap-form. 

Proof. The case when p = 2 is well-known. Let p be an odd prime and V be the set of other primes. 
Recall the fact that the double suspension map T? : 5^""^ O^S^""'"^ induces the isomorphisms 
7ri(S'^"'~^)(p) 7rj(r2^S'^""'"-'^)(p) on p-localized homotopy groups for i < 2pn — 3. This implies that the 
p-localized sphere S'^^-^~^ admits an Ap_i-form since is an ^doQ-space. 

Assume S'^^~^ admits an ^p-form, then there exists a homotopy fibration 5'^^)""'^ — > ^{p)^~^ ~^ 
by |Sta63a] . Then the cohomology ring is computed as H*{X; Z /pZ) = {Z /pZ)[x]/{xP), where 
X G H'^"'{X; Z /pZ) is a generator. Moreover, a space X' defined as the cofiber S'^-^~^ — t- X — t- X' 

has the cohomology ring H*{X'; Z /pZ) = {Z /pZ)[x\/ {x'^^^) by the Thom-Gysin sequence. By the 
Adem relation of Steenrod operations, V^'V^^'x = nxP, where P^-^x G H'^p''-'^^p-^\X' ; Z /pZ). If 
n = p -\- 1, then V^x € H'^p ~^(X'; Z/pZ) = and {p + l)x^ 7^ 0. This is contradiction and then 
implies that S'^p^^ admits no ylp-form. 

Next, consider the homotopy pullback Y of the diagram S^^-^ x • • • x S'^^^^ — )• K{Q, 3) x • • • x 
K{Q, 2p + 1) SU(p + l)p of localizations of Ap_i-spaces, where V is the set of primes other than 
p. This is justified since SU(p + l)(o) is Aoo-equivalent to K{Q, 3) x • • • x K{Q, 2p + 1) (because the 
classifying space -BSU(p-|- l)(o) is homotopy equivalent to K{Q, 4) x • • • x K{Q, 2^ + 2)) and for each i, 
the rationalization S'^p-^^ — ^ K{Q, 2i — 1) admits an Ap.i-form by an easy obstruction argument. As 
easily seen, Y is homotopy equivalent to a finite CW complex of which cells have the same dimensions 
as ones of 5^ x • • • x and S\J{p + 1). By Theorem 14.31 Y admits an 74p_i-form. Then, since 

the retract S'^p-^^ of S^p^ x • • • x S'^p^^ admits no Ap-form, the p-localization Y(p) ~ S^^-^ x • • • x S'^p-^^ 
admits no Ap-form. Therefore, the finite complex Y admits no Ap-form. □ 

5. Framed fiberwise homotopy theory 

From this section to Section [TJ we prepare the tools to handle fiberwise A„-spaces for our later 
applications to gauge groups. 

First of all, we recall the terminology of fiberwise homotopy theory |CJ98] . 

Definition 5.1. Let i? be a space. 
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(1) A fiberwise space over B consists of a space E together with a map n : E ^ B, caUed the 
projection. 

(2) For fiberwise spaces E ^ B and E' B and a map f : E ^ E' , / is called a fiberwise map 
over i? if tt' o / = TT. 

(3) For fiberwise spaces E ^ B and E' ^ B and fiberwise maps /o,/i : E — > E' , a homotopy 
f : I X E ^ E' between /o and /i is called a fiberwise homotopy if tt' o / = vr op2, where 
P2 : I X E ^ E is the second projection. 

(4) A fiberwise pointed space over i? consists of a fiberwise space E ^ B together with a section 
ai-B— >-Eof7r(7ro(T = ids)- Moreover, we require fiberwise pointed spaces fiberwise well- 
pointedness: for a fiberwise map f : E E', every fiberwise homotopy h : I x a{B) — t- E' 
with /i|{o}xo-(B) = / extends to a fiberwise homotopy h' : I x E ^ E' such that /i'|{o}x_E = /• 
Note that each fiber Ei^ of a fiberwise pointed space E is considered as a pointed space with 
basepoint o"(6). 

(5) For fiberwise pointed spaces B E ^ B and B ^ E' ^ B and a map f : E ^ E', f is called 
a fiberwise pointed map over i? if vr' o / = vr and f o a = a' . 

(6) Fiberwise pointed homotopies are defined to be section-preserving fiberwise homotopies in the 
obvious way. 

(7) For fiberwise spaces E ^ B and E' ^ B, the /i6er product E xb E' is defined as 

ExbE' = {{e,e')eExE'\ 7r(e) = 7r'(e') } 

with the obvious projection E x^ E' B. We denote the n-fold fiber product of E by E^^"^. 
The fiber product of fiberwise pointed spaces is defined as a fiber product of them with obvious 
section. 

(8) A fiberwise pointed space B E B is said to be an ex-fibration if it has the following 
pointed homotopy lifting property: for any base space B' and fiberwise pointed space B' 

7r' 

E' — y B' over B', if F : I x B' — t- B is a homotopy and a map fo : E' ^ E satisfies 
^ ° /o = (-^|{o}xB') ° T^' s-iid /o o cr' = fj o (-F|{o}xB')5 there is a homotopy f : I x E' ^ E 
covering F (i.e. vr o / = F o (id/ x vr')) such that /|{o}x_e;' = /o and / o (id/ x a) = a x F. 

Remark 5.2. In the rest of this section, we quote May's result in [May 75 1 . The terminology he used 
are different from the above. Let U be the category of compactly generated spaces and T be the 
category of well-pointed compactly generated spaces. We list corresponding his terminology here. 

(1) ^/-space 

(2) U-map 

(3) ^/-homotopy 

(4) T-space 

(5) T-map 

(6) T-homotopy 

(7) (He did not used fiber product in |May75| .) 

(8) T-fibration 

We remark that May's W-fibration means just Hurewicz fibration. 

Let us introduce framed fibrations. Since the unframed theory has already been established, we 
concentrate on the case that the base space is path-connected. 

Definition 5.3. Fix a space X, a Hurewicz fibration E ^ B over a path-connected pointed space B is 
said to be X -framed if a homotopy equivalence, which we call framing, from X to the fiber i?* over the 
basepoint is given. For X-framed Hurewicz fibrations E and E' over B, a fiberwise map f : E ^ E' 
is said to be X -framed if the following diagram commutes up to homotopy and such homotopy h is 
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?iven: 




where X ^ E^, and X ^ E'^ are the framings. Two X-framed fiberwise spaces are said to be X -framed 
equivalent if there exists a X-framed fiberwise map between them. 

Similarly, an ex-fibration E ^ B over a path-connected pointed space B is said to be X -framed if 
a pointed homotopy equivalence from X to the fiber E^^ over the basepoint is given. The maps and 
equivalences between them are also similarly defined. 

Remark 5.4. By Dold's Theorem [May 75 [ Theorem 2.6], X-framed equivalence is an equivalence rela- 
tion between X-framed Hurewicz or ex-fibrations. 

Let i? be a path-connected pointed space. For a space X with the homotopy type of a CW complex, 
define a set 8X{B)q as the set of X-framed equivalence classes of X-framed Hurewicz fibrations over 
B. Similarly, for a pointed space X pointed homotopy equivalent to a CW complex, define a set 
£qX{B)q as the set of X-framed equivalence classes of X-framed ex-fibrations over B. Let : B ^ B' 
be a pointed map. Then the pullback of fibrations by ip induces maps £X{B')q £X{B)q and 
£oX{B')q — )• 8oX{B)q. This map is determined by a pointed homotopy class of if. This follows from 
the framed versions of [May 75 Lemma 2.4], which is shown by the similar argument but we should pay 



attention to that the well-pointedness of base spaces is needed. The following classification theorem 
is also shown similarly to the unframed versions |May75 Theorem 9.2]. 



Theorem 5.5 (The classification theorem for framed fibrations). The following statements hold. 

(1) Let X be a space with the homotopy type of a CW complex. Then there exists an X-framed 
Hurewicz fihration EX over the classifying space BFX of the topological monoid FX of self 
homotopy equivalences on X such that the map $ : [B, BFX]q — )• £X{B)q given by the pullback 
[(f] I— )■ [if* EX] is an isomorphism for any pointed CW complex B. 

(2) Let X be a pointed space pointed homotopy equivalent to a CW complex. Then there exists an 
X-framed ex-fibration EX over the classifying space BHX of the topological monoid HX of 
self pointed homotopy equivalences on X such that the map $ : [B,BHX]q — ?> £qX{B)q given 
by the pullback [(p] i— )■ [(^*ii^X] is an isomorphism for any pointed CW complex B. 

Proof. Define a map ^ : £X{B)q — )• [B, BFX]q by the following procedure. For a X-framed Hurewicz 
fibration E ^ B, we have the associated principal fibration 

PE = {u : X ^ E \ uisa homotopy equivalence between X and some fiber } — > B 

with basepoint given by the framing X E and the following diagram of principal quasi-fibrations. 

PE B{PE, FX, FX) ^ B{*, FX, FX) = EFX 



B ^ — B{PE, FX, *) ^ B{*, FX, *) = BFX 

The horizontal arrows are natural maps and the map ip is the composite of the homotopy inverse of 
B{PE,FX,*) B and the map B{PE,FX,*) BFX. Define "^{E) = [ip]. Since our framed 
maps preserve framing only up to homotopy, the well-definedness of ^ is not so trivial as in May's 
original proof. More precisely, if there is an X-framed fibrewise map (/, h) : E ^ E' , B(Pf, idpx, *) ■ 
B{PE, FX,*) — > B{PE' , FX,*) is not necessarily a pointed map, so, to verify ^'(-E') = "^{E'), we 
need to deform Pf : PE PE' to a pointed FX-equivariant map by using the homotopy h. Once the 
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well-definedness is established, the theorem fohows from the completely same argument as in May's 
proof. 

The latter half also follows from the analogous argument. □ 



Remark 5.6. In the corollaries of [May 75 Theorem 9.2], the fibers are assumed to be compact. But 



this assumption is not essential. See the addenda of |May75| and |May80 Lemma 1.1]. 



Remark 5.7. As [May 75 Theorem 9.2], we can also show the "framed fiber bundle" version. 

6. QUASI-CATEGORY OF FIBERWISE A„-SPACES 

In this section, we recall the definition of fiberwise ^„-spaces and introduce the framed version. 

Definition 6.1. Let E be an ex-fibration over B. A family of fiberwise maps {rrii : fCi x E^^^ — > -E'}"=2 
over B is said to be a fiberwise An-form on E if it restricts to an ^„-form {mj : /Cj x (£"{,)* — s- Eh}l''^2 
on each fiber Eh. An ex-fibration equipped with a fiberwise ^„-form on it is called a fiberwise An- 
space. Fiberwise ^„-maps, their fiberwise homotopies, fiberwise ^„-homomorphisms and canonical 
composites are defined similarly. 

We note that every ^^-space can be considered as a fiberwise ^d^-space over a point. 
Boardman and Vogt |BV73] constructed the quasi-categories (the term used in |Joy02| ) , which they 
called restricted Kan complexes, consisting of their ' WB-spaces" . 

Definition 6.2. Let TZ = {T^jj^Q be a simplicial class. Then TZ is said to be a quasi- category if the 
following restricted Kan condition holds for i >2: for any i — 1-simplices xq, - ■ ■ , Xj-i,Xj^i, ■ ■ ■ ,Xi(z 
TZi-i, < j < i, such that d^~^Xk = d^x^ for < k < £ < i and k,i ^ j, there exists an i-simplex 
X ^ TZi such that d^x = Xk for k ^ j. 

For a quasi-category 7^, the fundamental category hoR. of IZ is the category whose objects are IZq 
and the morphisms between a,b £ TZq are the simplicial homotopy classes of edges / G TZi with 
d^f = a and d^f = b, where the composite of [/] : a — 6 and [5] : 6 — >■ c is defined to be such a map 
[h] : a ^ c as there exists a 2-simplex a G TZ2 with d'^a = /, d^a = g and d^a = h. 




Remark 6.3. In the category hoT^, the identity of a G 7^ is represented by s^a G TZi. 

Now we recall the terminology and results of |BV73| cLrrangGci for fiberwise Afi- spaces as explained 
in |Tsul2al Section 3 and 4]. But now we need to use the pointed version. 
(1) Fiberwise A^-spaces and fiberwise Q"/i2l-maps. 

Let 2l(n, 1) be a point and then 21 has the unique based monochrome PRO [B V731 Section 
V.2] structure. Applying the W" -construction [BV731 Section V.3] to 21, we obtain the associ- 
ahedron (W'2t)(n, 1) ^ /C„ for each n > 2 and T^"2t(0, 1) and W'2t(l, 1) are one point spaces, 
where the boundary map dk{r, s) : /C^ x A^s — ^ ^r+s-i and the degeneracy map Sfc : /Cj — )• /Ci_i 
on associahedra correspond to the composite s-ary tree on the A;-th twig and the composite 
the stump on the fc-th twig in VF"2l, respectively. We denote the based PRO-subcategory of 
VF"2l genera ted by (W^"2l)(i, 1) for i < n by Q'^Ty"2t. Then, fiberwise Q"VF"2l-spaces, defined 
similarly to |BV73t Definition 5.1], and our fiberwise ^^-spaces coincide. The linear category 
-^n = {0 1 —)■•••—>■ n} is regarded as a PRO colored by the set {0, 1, • • • ,n}. Consider 
the Boardman- Vogt tensor product |BV73t Section II. 3] 21(8) of 21 and which is a based 
PRO colored by {0, 1, • • • ,n}. Similarly to Q"M^"2l, let Q'^HW'i'^l ® be the homoge- 
neous PRO-subcategory of HW"{% ® generated by HW"{^ fS) 2m){i,k), i : [r] -)■ ob£rn 
([r] = {!,••• ,r}) with r < n. We cah a fiberwise Q"'HW"{'!2i (8) £i)-space a fiberwise Q'^Wi- 
map. Further, if its underlying map is a fiberwise pointed homotopy equivalence, it is said to be 
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a fiberwise Q^h^- equivalence. Similarly, we use the terms Q^Wi-map and Q'^h^- equivalence 
between jd^-spaces. 

(2) Correspondence of fiberwise An-maps and fiberwise Q^/iSt-maps. 

In a similar manner to |BV73|. Definition 4.1], one can define the based PRO subcategory 
LW"{^ (g) £1) C HW"{^ O £1) consisting of level-trees. The PRO subcategory Q"LTy"(2l 
£1) C LW"{^ O £1) generated by LW"{^ O fc) for i : [r] {0, 1} with r < n is a 

deformation retract of Q'^HW"{^ £1) as a based PRO subcategory by a similar argument 
to the proof of [ BV73^ Proposition 4.6]. Then there is a natural homeomorphism LW"{% 
i2i)(0*, 1) = J'i (e* : [i] — >■ {0, 1} denotes the constant function to e E {0, 1}) for each i which 
has the compatibility about boundary and degeneracy maps similar to the case of associahedra 
explained above. Thus fibrewise (5"LPt^"(2t(8>£i)-spaces just correspond to fiberwise A„-maps. 
These results imply that fiberwise jd^-maps and fiberwise (5"/i2t-maps correspond one-to-one 
up to fiberwise homotopy preserving the multiplicative structures. 

(3) Quasi-category of fiberwise j4„-spaces. 

Quite analogous to ^BV73i Theorem 5.23], the sequence Tl'^{B) = {TZf{B)}'?^Q of classes such 
that TZ2{B) consists of all fiberwise Q"Ty"(2l (g) £i)-spaces over the base i? is a quasi-category. 
The boundary map : 7i'^{B) TZ^_^{B) is induced from the k-ih injection 2,i and 

the degeneracy map : 7lf{B) — )• 7l^_^_i{B) is induced from the k-th. surjection S^i^i — )• £«. 
Obviously, a map B' ^ B induces a simplicial map TZ^{B) — ?> 7V^{B'). 

(4) Composite of fiberwise Q^/iSl-maps. 

The map Jn = LW"{% ® -Ci)(0'", 1) ^ HW"{^ ® £i)(0", 1) ^ W"^{n, 1) ^ /C„ induced 
from the map £1 £,q satisfies the same condition for tt^ in Section [2j For a simplex 
a G Tl^{B) and a fiberwise A^-homomorphism g : Eq ^ Eq, define the canonical composite 
aogenUB) by 

r E'^,{p){xi,--- (pGQ"W'(2l0£i)(O^O)) 
iaog){p)ixi,--- ,Xj)= { a{p){g{xi),--- ,g{xi)) (p G W'(2l £i)(0^ ^ > 1) , 

[ a{p){xi,--- (p G Q"W'(2l(g)£i)(A:J,^),A: > 1) 

where E'q G TZq denotes the (5"'VF"2t-structure of E'q. Similarly, for a fiberwise ^dn-homomorphism 
h : En ^ E'^, the canonical composite h o a G Tl'^{B) is also defined. Then, for a fiberwise 
^„-homomorphism f : E ^ E' , the fiberwise (5"/i2l-map / o [s^E) = (s^E') o / corresponds to 
the canonical ^„-form of /. Using this, the canonical composite is compatible with the com- 
posite in the fundamental category lioTZ^{B) as follows: for a fiberwise ^„-homomorphism 
g : E ^ E' and a fiberwise Q"/i2l-map f : E' ^ E" , the 2-simplex a := (s°/) og e n^{B) 
satisfies (fa = {s^E') o g^ dPa = f and d^a = f o g- 




Similarly, for a fiberwise Q'^/iSl-map f : E E' and a fiberwise ^^-homomorphism h : E' ^ 
E", the 2-simplex a' = ho{s^f) G n^{B) satisfies = /, cfa' = ho{s^E') and = hof. 
(5) Fiberwise homotopy invar iance. 

Analogously to f BV73l Theorem 5.25], if is a fiberwise A„-space and f : E' E is a 
fiberwise pointed homotopy equivalence between ex-fibrations, then there exists a fiberwise 
j4„-form on E' such that / admits a fiberwise A„-form. Also, we obtain the following as the 
counterpart of [BV73t Theorem 5.24]: for a fiberwise (5"/j^-equivalence f : E E', the 
fiberwise homotopy inverse g of the underlying fiberwise map / also admits the structure of a 
fiberwise Q"/i2t-map which represents the inverse of / in the fundamental category ho7^"(i?). 
This verifies Proposition 12.91 Similarly to |BV73l Lemma 5.7], for fiberwise A„-forms {nii} 
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and {m'^} on a ex-fibration E, {mi} and {m'-} are homotopic as fiberwise ^„-forms on E if 
and only if the identity map idE ■ E ^ E admits a fiberwise A„-form as a fiberwise A„-map 
{E,{m,})^{E,{m'^). 
(6) Fiberwise localization. 

Let E' be a fiberwise ^^-space over B whose fibers are path-connected and V a set of primes. 
Since the fibers of E are nilpotent, there exists a fiberwise P-localization £ : E ^ E. By an 
analogous argument to the proof of Proposition l2.111 there is a fiberwise Q"/i2t-map A G TZ^{B) 
such that d}-\ = E and the underlying map of A is I. Moreover, for a fiberwise Q"/i2t-map 
f : E ^ E' such that the fibers of E' are "P-local, then there exists a 2-simplex a G such 
that (fa = A and = f because the induced map : Map|(^*,£^') Map^{E\E') 
between the space of pointed fiberwise maps is a weak homotopy equivalent. This universal 
property implies that the fiberwise ^-localization as a fiberwise A„-space is unique up to 
fiberwise j4„-equivalence. 

Now we consider the framed version. 

Definition 6.4. A fiberwise An-space E ^ B over a path-connected pointed space B with every 
fiber A„-equivalent to an ^d^-space G is said to be G-framed if a (5"/i2t-equi valence from G to the 
fiber E^: over the basepoint is given. For G-framed fiberwise j4„-spaces E and E' over B, a fiberwise 
Q"/i2l-map f : E ^ E' is said to be G-framed if a 2-simplex a G ^2(*) given and satisfies the 
following conditions: 

(1) d^cr is the G-framing G — )• of E, 

(2) is the G-framing G ^ E^;; of E, 

(3) dPa is the restriction f:^:E^^ E'^ of /. 

Two G-framed fiberwise A„-spaces are said to be G-framed equivalent if there exists a G-framed 
fiberwise Q^/iSl-map between them. In particular, a G-framed fiberwise 74„-space over B is said to be 
An-trivial if it is G-framed equivalent to the product B x G with framing G = *xGcBxG. 

The relation G-framed equivalence is the equivalence relation between fiberwise A„-spaces by Dold's 
theorem and the property of fiberwise A„-spaces stated above. 



7. Classification theorem for framed fiberwise ^„-spaces 

The author has shown the classification theorem for fiberwise ^d^-spaces |Tsul2al Theorem 5.7], 
which is used to show the finiteness of fiberwise ^„-types of adjoint group bundles (see Section [8|). In 
this section, we show the classification theorem for framed fiberwise .A^-spaces. 

First, we arrange the classification theorem for our fiberwise ^d^-spaces. Let G be an j4„-space. 
Denote the set of equivalence classes of fiberwise A„-spaces over a path-connected well-pointed space 
B whose fibers are jd^-equivalent to G by £^"G{B). For an ex-fibration E over B whose fibers are 
pointed homotopy equivalent to G, define a space Mn[E] as 



Mn[E] = U J {rui} G J]Map(/Ci x ElE, 



beB K. i=2 



{rrii } : an A„-form of Eb such that 
Ef) and G are yly^-equivalent 



which is topologized as a subspace of the fiber product of appropriate fiberwise mapping spaces over 
B. There is a sequence of natural projections 

Mn[E] Mn-i[E] > M2[E] Mi[E] = B, 

each of which is a Hurewicz fibration because of the homotopy extension property of the inclusion 
d)Ci ^ JCi and the well-pointedness of G. Further, by an easy observation, we obtain the homotopy 
fiber sequence 

0^2Mapo(G^",G) Mn{G) Af„_i(G), 
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where G^" denotes the n-fold smash product G A • • • A G, Mapo{X,Y) represents the space of all 
pointed maps X ^ Y and Cf^X represents the space of all pointed maps 5™" — > X homotopic to 
the constant map. By the exponential law, each fiberwise A„-form on E corresponds to a section of 
the projection M„[£'] — > B. The pullback En[E] of E by the projection Mn[E] — >■ B has a natural 
fiberwise ^d^-form such that the restricted A„-form of the fiber over a point {mi} G M„[i?] is {nii}. Let 
E\{G) —7- Mi(G) = BHG be the universal ex-fibration with the fibers pointed homotopy equivalent 
to G. Let us denote M„(G) = M„[^i(G)] and ^„(G) = En[Ei{G)]. 

Using the properties of fiberwise ^^-spaces explained in the previous section, one can prove the 
following theorem by a completely parallel argument in |Tsul2at Section 5] . Denote the free homotopy 
set between spaces X and Y by [X, Y]. 

Theorem 7.1 (The classification theorem for fiberwise j4„-spaces). Let n be a finite positive integer 
and G a well-pointed An- space of the homotopy type of a CW complex. Then, there exists a fiberwise 
An-space En{G) — >■ Mn{G) with fibers An-equivalent to G such that the map [B,Mn{G)]^£^-G{B) 
defined by the correspondence [f] i-^ [f*En{G)] is bijective for any well-pointed space B of the homotopy 
type of a connected CW complex. 

Now, we construct the 'associated principal fibration' for E„[E] Mn\E]. Again, let G be an 
A„-space. For an ex-fibration E over B whose fibers are pointed homotopy equivalent to G, define a 
space Cn{E] as 

Cn[E]= W { / : g"/i2l-equivalence, d^ f = G, d"/ = {En[E\)b] ■ 
In particular, we denote Gn{G) = G„[-Ei(G)]. Then there exists a homotopy fibration 

Fa^G ^ Cn[E] ^ Mn[E], 

where Fa„G is the space consisting of self (5"/i2l-equivalences on G. Similarly to |Tsul2al Proposition 
5.8], the fiber of the Hurewicz fibration G„[£'] — )> G„_i[£'] is contractible. Then Gn{G) is weakly 
contractible since Gi (G) = EHG is weakly contractible. 

For an ^„-space G, denote the set of equivalence classes of G-framed fiberwise A„-spaces over 
a path-connected pointed space B by £^"G{B)o. Similarly to |Tsul2a[ Proposition 5.2], a pointed 
map f : B ^ B' induces the map /* : £'^"G(i?')o £'^"G{B)q which depends only on the pointed 
homotopy class of /. It is our aim of this section to prove the following classification theorem. 

Theorem 7.2 (The classification theorem for framed fiberwise ^^-spaces). Let n be a finite positive 
integer and G an An-space of the homotopy type of a CW complex. Then, there exists a G-framed 
fiberwise space En{G) — )■ Mn{G) such that the map [B; Mn{G)]o — f"^"G(i?)o defined by the corre- 
spondence [f] I— )• [f*En{G)] is bijective for any pointed space B of the homotopy type of a connected 
CW complex. 

Proof. We fix a G- framing of the universal fiberwise A^-space En{G). First, we see that the map 
[i?,M„(G)]o — 7" £^^"G(i?)o is surjective. For a G-framed fiberwise ^^-space E ^ B, hy Theorem 
I7.H there are maps f : E ^ En{G) and f : B ^ Mn{G) such that / covers / and / induces a 
fiberwise (5"/i2l-equivalence E — )• f*Mn{G). Take a 2-simplex a G '7^2(*) such that d^cr : G — ^ is 
the G-framing of E and d^a : E^, — > En{G)^ is the restriction of /. Considering d^a : G — )• En{G) 
as a point in Gn{G), there is a path from d^a to the G-framing G — >■ En{G)^, in Cn{G) since Cn{G) 
is weakly contractible. Then we can take a 2-simplex a' G TV^i*) such that d'^a' : G ^ E^, and 
d^a' : G — > En{G)^, are the G-framings of E and En{G), respectively, because d^a' is a Q^h%- 
equivalence. The stationary homotopy of d'^a = d^a' and the homotopy from d^a to the G-framing 
G — > En{G)^: constructed above extends to a homotopy from a to a' of multiplicative functors, where 
the target space varies in En{G) along this homotopy in general. Thus we have a homotopy from 
f^. : E^ ^ En{G) to d^a' . This homotopy extends to a homotopy F : I x E ^ En{G) from / 
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covering some homotopy F : I x B ^ M„(G) from /. The homotopy F induces a fiberwise Q^h'Ql- 
equivalence I x E —?■ F*Mn{G) which restricts to the fiberwise Q^/iSl-equivalence E — ?> f*En{G) 
induced from / on {0} x E. By the property of a', the resulting maps g = -F|{i}x_e; '■ E En{G) and 
g = -FljijxB '■ B — > Mn{G) induces a framed fiberwise (5"/i2l-map E — )• g*Mn{G). Then we obtain 
the equality [g*En{G)] = [E] in £^^G{B)q. 

The injectivity of the map [i?;M„(G)]o — > £q"G{B)q is proved similarly to |Tsul2al Proposition 
5.6]. The counterpart of |Tsul2al Lemma 5.3] is stated as follows. □ 

Lemma 7.3. Let E ^ B he an ex-fibration and {mj}"^2 {''^i}?=2 fiberwise An-forms on E 
which restrict to the same An- form on the fiber over the basepoint. Then the identity map E ^ E is 
a framed fiberwise Q'^hQl-map {E,{mi}) — > {E,{m'-}) if and only if {rui} and {m'-} are homotopic as 
sections of Mn[E] — )• B through a homotopy which is constant on the basepoint. 

Similarly to [ Tsul2al Proposition 6.3], we have the following theorem for fiberwise localizations. 

Proposition 7.4. Let G be a path- connected An-space. Denote the classifying map of the fiberwise 
V -localization of En{G) by A : M„(G) M„(Gp) as Qj fvciTficd fibcTwisG An -space. Then for a (G- 
framed) fiberwise An-space E over B classified by a : B ^ Mn{G), the fiberwise V -localization of 
E is classified by A o a. Moreover, if G is homotopy equivalent to a finite complex and r > 2, then 
the induced homomorphism A* : 7rr(M„(G)) — >■ TTriMn{G'p)) is a V -localization of the abelian group 

TTriMniG)). 



Remark 7.5. The finiteness condition for G is used as follows. May |May80 Theorem 4.1] proved that 



A* : iTr{Mi{G)) — )■ iTr{Mi{G'p)) is a 'P-localization when G is a finite complex. By the fibration 

J7""2Mapo(G^",G) Mn{G) Mn-i{G) 

and the fact that Mapo(G^", G) — )• Mapo(Gp", G-p) 7^- localizes each connected components for a con- 
nected finite complex G |HMR75| Theorem 3.11], one can show that A^, : 7rj.(M„(G)) iTriMniG-p)) 
is a P-localization of the abelian group iTr{Mn{G)) if G is homotopy equivalent to a finite complex 
and r > 2. 

8. An APPLICATION TO A„-TYPES OF GAUGE GROUPS 

Let us recall elementary facts on gauge groups. In this section, we assume that every principal 
bundle have the basepoint in the fiber over the basepoint. For a principal G-bundle P over a pointed 
finite CW complex B, the gauge group Q{P) of P is the topological group consisting of unpointed 
self bundle maps P ^ P covering the identity on B, which is topologized by the compact open 
topology. Note that ^ is a functor from the category of principal bundles and bundle maps to the one 
of topological groups and continuous homomorphisms. We denote the restriction map on the fiber 
over the basepoint by ev : Q{P) Q{P\*) = G and the kernel of ev : Q{P) — > G by Qq{P). In other 
words, the subgroup ^o(-P) C G{P) consists of pointed self bundle maps P ^ P covering the identity 
map on B. 

Gottlieb [Got 72] has shown that the classifying space BQ[P) of Q{P) has the homotopy type of the 
connected component Map {B, BG; a) C Map (B, BG) of the basepoint free mapping space containing 
the classifying map a : B ^ BG of P. Similarly, BQq{P) has the homotopy type of the connected 
component Mapo(-B, -BG; a) C Mapo(i?, i?G) of the pointed mapping space containing a. Moreover, 
there exists a following homotopy fiber sequence: 

GoiP) g{P) ^ G A Mapo(.B, BG] a) Map {B, BG; a) ^ BG, 

where ev : Map(-B, BG; a) — )• BG is the evaluation map on the basepoint. 

Take the fiber bundle ad-P = P Xq G associated to P, where the left G-action on G is given by 
conjugation. We call adP the adjoint group bundle of P. The adjoint group bundle adP is a fiberwise 
topological group. Then the space r'(adP) of sections is a topological group with the multiplication 
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is induced from the fiberwise topological group structure on ad P. In fact, the gauge group G{P) is 
naturally isomorphic to r{adP) as a topological group. Note that the basepoint of P defines the 
natural G-framing adP|* = G which is an isomorphism of topological groups. 

Remark 8.1. The finiteness theorem on fiberwise An-types of adjoint group bundles |Tsul2a[ Theorem 
8.6] also holds for framed fiberwise ^,i-types. The proof is almost same as the original one except for 
we need to use the fibration 

We shall investigate gauge groups using the localization technique. In general, though a localization 
of topological group is not a topological group, a localization of an ^^-space has a natural A„-form 
by Proposition 12. Ill But, as explained before, it is difficult for us to handle the homotopy pullback 
of general ^„-maps. To avoid this difficulty, we replace the Lie group G by a convenient one. 

Proposition 8.2. Let G he a compact connected Lie group. For a partition VUV' of the set of primes, 
there exist a V -localization G-p, a V' -localization G-pi and a rationalization G(o) of G such that they 
are topological groups and a rationalization p : G-p — )• G(o) and p' : G-pi — ?■ G(o) can he taken to he 
homomorphisms as well as Hurewicz fibrations. 

Proof. We may take the localized classifying spaces {BG)-p, {BG)pi and (BG)(o) &s countable simpli- 
cial complexes. Take rationalizations p : {BG)^ — )• {BG)(^q^ and p' : {BG)pi —?■ (SG)(o) as simplicial 
maps. Denote the Milnor's simplicial loop spaces [Mil56] of them by (G-p)o, (G-p')o and G(o), which are 
topological groups with classifying spaces {BG)p, {BG)-p' and (SG)(o)! respectively. Then p and p' in- 
duce rationalizing homomorphisms po : {G-p)o G(o) and p'^ : (Gp/)o G'(o), respectively. As stated 
in Remark 14.21 Po and p' can be replaced as Hurewicz fibrations p : G-p — )• G(o) and p' : Gpi — )■ G(o) 
which are homomorphisms between topological groups. □ 

The topological group G obtained as the pullback of the diagram Gp G(o) Gpi is A^- 
equivalent to G and the natural projections A : G — )• Gp and A' : G — > Gp are localizing homomor- 
phisms. Then principal G-bundles and principal G-bundles correspond one-to-one up to isomorphism 
and, considering the homotopy types of the classifying spaces, this correspondence preserves the Aqo- 
types of gauge groups. If P is a principal G-bundle, then the associated bundles Pp, Ppi and P(o) 
induced from the homomorphisms G — t- Gp, G — > Gp/ and G G(o) give the corresponding fiberwise 
localizations adPp, adPp/ and adP(o) of adP, respectively. 

Now we concentrate on our attention to the gauge groups of principal G-bundles over the r- 
dimensional sphere S^. Fix a pointed map e : S^~^ — )■ G. For an integer k £ Z, we denote the 
principal G-bundle with classifying map fee by P/.. As easily checked, if the adjoint group bundles 
adPfc and adP^' are G- framed fiberwise A„-equivalent, then one can deform the framed fiberwise 
^^-equivalence adP^ — > adP^' to the one / : adP^ — t- adPk' which restricts to the isomorphism of 
topological groups on the fiber over the basepoint since the framings of adjoint group bundles are 
given by isomorphisms of topological groups. Moreover, if ip : — )• is the characteristic map, then 
we obtain the following strictly commutative diagram of topological groups: 

r(v?*adPfc) rid(((^*adPfc)|s.-i) G 



r(v9*adPfeO — - r^d(((/,*adPfcOl5-0 - — g 

where r^'^{{ip* a.dPk)\gr-i) represents the identity component of P(((/3*adPfc)|5r-i), P((/9*adPfc) — >■ 
r''^(((/5*adPfc)|5r-i) and r{ip*adPk') r"^(((/9*adPfc/)|5r-i) are the restrictions on the boundary S^~^ 
of D^, which are Hurewicz fibrations, G — )• r^'^{{ip*adPk)\sr-i) and G — > r^'^{{(p* adPk')\sr-'>-) are the 
inclusions through the framings of the fiber over the basepoint and P((/3*adPjt) — )■ P((/7*adPfc/) and 
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r((ip*adPk)\sr-i) — ?• r{{ip*adPk')\sr-i) are the induced ^^-equivalence from the framed fiberwise 
^n-equivalence if* f : ip* ad Pk — )• (/J*adPfc'. The gauge groups G{Pk) and Q{Pk') are isomorphic to the 
pullback of the corresponding horizontal lines. Since (p*Pk and ip*Pk' are trivial bundles, the following 
diagram is equivalent to the above one, 

Map (Z)^ G) ^ Map {S^-\ G; 0) G 

F 

Map(D^G) ^ Map (5^-1, G; 0) 

where Map (S""^^, G; 0) denotes the identity components of Map (S"'^^, G). The map : G — > 
Map (S''^^, G; 0) is defined as ak{g){s) = {ke){s)g{ke){s)^^ . The right square commutes strictly and 
the left one up to homotopy of ^d^-maps. Denote this homotopy by H. Since F is induced from 
the framed fiberwise ^^-equivalence /, the composite of H and the evaluation map is the stationary 
homotopy of the evaluation map Map(Z)^,G) — >■ G. Now, we give the proof of our main theorem. 

Proof of Theorem Let V be the set of primes which divide and V the set of other primes. 
As above, we may assume that the structure group is G. Denote the localizations by A : G ^ G-p, 
A' : G — )• Gp', p : G-p — > G(o) P' '■ G-p/ G(o)- So, in the proof of this theorem, we denote 
Pk the principal G-bundle corresponding to the original principal G-bundle Pk, and so on. Then, 
since {N,k) = {N,k'), there exists an integer A & Z prime to such that Ak = k'modN. From 
the classification theorem of G- framed fiberwise An-spaces, ad PAk and ad Pk' are framed fiberwise 
^^-equivalent. Thus we have the following diagram: 

(*) Map(L'^Gp) ^Map{S'-\Gv;0) ^^Gp 

A- 

Map{D',Gp) >-Map{S'^-\Gp;0)^^Gp 

F 

Map(L'^Gp) ^Map(5'^-\Gp;0) -^Gp 

where F is an ^^-equivalence induced from the framed fiberwise ^^-equivalence adPAk — ^ adPfc' 
which restricts to an isomorphism on the fiber over the basepoint, the right squares commute strictly 
and the left ones up to homotopies such that the composite of them with the evaluation maps are 
stationary homotopy. We remark that the map A* : Map (S"^"^, G-p; 0) — > Map (S""~^, Gp; 0) is an 
^oo-equivalence since A is not divided by the primes in V. Similarly, since ad PAk,V' ^iid adPfc/^-p/ are 
A„-trivial by Proposition 17.41 we obtain the following diagram: 

(**) Map (Z)^GpO ^Map(5^-i,Gp/;0) -^Gp. 

F' 

Map {D',Gp') ^ Map {S'-\ Gpr, 0) -^Gp' 

where F' is an j4„-equivalence, the right square commutes strictly and the left one commutes up to ho- 
motopy with the same property as stated above. Note that the evaluation map Map (5''""^, G(o); 0) 
G(o) is a homotopy equivalence because r2Q~^G(o) is contractible since r > 2n£ and riQ~^G(o) — > 
Map(S"'^^, G(o); 0) — > G(o) isafibration. Then, since the pullback of the diagram Map (S""^^, Gp; 0) 

Map(S'-\G(o);0) ^ Map{S''-\Gp>;0) is Map G; 0), there exists a lift F : Map{S''-\G;0) 

Map(S'■-^G;0), which is an ^^-equivalence, of F o A* o A* : Map (5'^-^, G; 0) ^ Map (5'^-\ Gp; 0) 
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and F' o A'^ : Map (5'''^^, G\ 0) — > Map {S'^^^, G-pi] 0) by Theorem 13. 11 This hft is determined uniquely 
up to homotopy by Theorem 13.31 taking the homotopy between o F o A* o and p'^ o F' o A'^ as 
the lift of the stationary homotopy of ev o p^ o X^ : Map (5^'~^, G; 0) — )• G(o) through the homotopy 
equivalence ev : Map (5''""'^, G(o)) ~^ G'(o)- Now we have the following diagram: 

Map(L>'",G) ^Map(5''~\G;0) 



Map(D^G) ^Map(5^'~i,G;0) 



G 



G 



Again, using Theorem 13.11 and 13.31 this diagram commutes up to homotopy of ^d^-maps. Therefore, 
taking the pullback along the horizontal direction, Q{Pk) and Q{Pki) are 74„-equivalent by Theorem 
EH □ 

Now, let us consider the gauge groups of principal SU(2)-bundles over 5^. Denote the principal 
SU(2)-bundle over of the second Chern number k G Z by Pk, where this notation is compatible 
with the notation in Theorem 11.11 for the appropriate generator e G 7r3(SU(2)) = Z. We estimate 
the divisibility of the least positive number such that the adjoint group bundle adP^fw is A„- 
trivial. From the result of [CSOOj . we have a^^ = 12 and = 180. By Theorem if the equality 
{k,a^^) = {k',a^^) holds, then G{Pk) and G{Pk') are 74„-equivalent. We define the following in- 
equivalence invariant of G{Pk)- 



dp{k) = max{n G Z>o | {Pk){p) is A„-equivalent to {Po)(p) }, 

where G^'^{Pk) denotes the identity component of G{Pk)- This dp{k) will turn out to be equal to the 
one defined by [TsuOlj by the result of [KKIO] and the following proposition. 

Proposition 8.3 (Proposition 10.2 of |Tsul2a| ). The localized gauge group G^'^{Pk){p) is An-equivalent 
to 0^^(Po)(p) if o-iT'd only if the fiberwise localized adjoint group bundle autPfc,p is An-trivial. 

Remark 8.4. The following is immediately follows from this proposition: 

dp{k) = max{ n G Z>q \ fp(a^) < Vp{k) }. 

By the result of |Tsul2bl Section 5], we have dp{pk) > dp{k) for an odd prime p and d2{^k) > d2{k). 
Thus we obtain the following inequalities: 

< ^;2(«n+i) - ^^2(a^r) < 2, (fln") < 2n, 

0<vp{a^:^,)-vp{a':')<l, Vp{a';:')<n (p : odd). 

In |Tsul2bj . the author has shown the following result ( [Tsul2bl Proposition 4.4] is correct but 
|Tsul2b( Theorem 4.5] is not correct for an odd prime p): 



d2{k) < V2{k), dp{k) < 



p — 1 



{vpik) + l)-l (p:odd). 



Since we have dp(a„ ) > n by definition of a„ , we obtain 



Prom these, we have the next proposition. 
Proposition 8.5. The following inequalities hold: 

n < V2{a^n ) < 2n 



p- 



1 



1 (p:odd). 



2n 



p — 1 



<Vp{a^;^)<n (p:odd). 



where [a] denotes the largest integer which is not larger than a. 
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Remark 8.6. In particular, we have v-i{a^^) = n. 

Moreover, the homotopy groups are known to be 

Z/pZ (n = mod (p - 1) /2) 



(TTJDOo^ _ \ Z/pZ (n = Omoc 
7r4„+3(iJ/^(p)j- I Q (otherwise) 



for p > 5 and 1 < n < (2p + — l)/2 — 1 by the result of |Tod65] . Observing the obstruction to 
extending the composite 

^4 y jjpn fcV(inclusion)^ HP°° V HP°° ^^"^'^'"^ ""^P^) HP°° ^^"'^'^''^'"^'""^ ) HP^-^ 

over X HP^ as in the argument of |Tsul2b| Section 5] (ad P^ is A„-trivial if and only if it extends 
over X HP"- by [KKlOj ). one can see that 

M^^n ) = J—[ 

for 1 < n < (2p+ l)(p- l)/2 - 1. 

We show a necessary condition for that Q{Pk) and Q{Pk') are A„-equivalent. 

Proposition 8.7. For an oddprimep, if G^'^{Pk){p) 'iiT'd G^'^{Pk'){p) are A^- equivalent, thenmm{vp{a^^), 
mm{vp{a^;:'),Vp{k')}. 

Proof. If ^"^(Pfc)(p) and ^^^(Pfc/)(p) are ^„-equivalent, then we have max{n, dp(A;)} = max{n, dp(A;')}. 
Since dp{k) = max{m € Z>o \ Vp{k) > Vp(a^) } and < Vp{a^^^i) — Up(a^) < 1 for an odd prime p, 
we have msLK{vp{a^^),Vp{k)} = inax{vp{a^^),Vp{k')}. □ 

Remark 8.8. If we set p = 2 and n < 2, this proposition remains true by the results of Kono |Kon91j 
and of Crabb and Sutherland [U500] . 

As a corollary of this proposition. Theorem 11.21 immediately follows. 
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